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ON THE COUNTABLE MEASURE-PRESERVING RELATION
INDUCED ON A HOMOGENEOUS QUOTIENT BY THE ACTION
OF A DISCRETE GROUP
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ABSTRACT. We consider a countable discrete group G acting ergodicaly
and a.e. freely, by measure-preserving transformations, on an infinite mea-
sure space (X , ν) with σ-finite measure ν. Let Γ ⊆ G be an almost normal
subgroup with fundamental domain F ⊆ X of finite measure. Let RG
be the countable measurable equivalence relation on X determined by the
orbits of G. Let RG|F be its restriction to F .
We find an explicit presentation, by generators and relations, for the von
Neumann algebra associated, by the Feldman-Moore ([4]) construction, to
the relation RG|F . The generators of the relation RG|F are a set of trans-
formations of the quotient space F ∼= X/Γ, in a one to one correspondence
with the cosets of Γ in G. We prove that the composition formula for these
transformations is an averaged version, with coefficients in L∞(F, ν), of
the Hecke algebra product formula ([2]).
In the situation G = PGL2(Z[ 1p ]), Γ = PSL2(Z), p ≥ 3 prime number,
the relationRG|F is the equivalence relation associated to a free, measure-
preserving action of a free group on (p + 1)/2 generators on F ([1],[9]).
We use the coset representations of the transformations generating RG|F
to find a canonical treeing ([6]).
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1. INTRODUCTION
Let G be a countable discrete group, acting ergodicaly by measure-
preserving transformations on an infinite measure space (X , ν) with σ-finite
measure ν. We assume that Γ ⊆ G is a discrete subgroup, that admits a
measurable fundamental domain F in X , of finite measure ν(F ) = 1, that is
⋃
γ∈Γ
γF = X and ν(γ1F ∩ γ2F ) = 0, γ1, γ2 ∈ Γ, γ1 6= γ2.
In this paper we study, from an operator algebra point of view, the prob-
ability, measure-preserving, countable, measurable, ergodic, equivalence re-
lation (see e.g. [6]) on the probability measure space (F, ν|F ), defined by the
requirement that two points x, y ∈ F are equivalent if and only if there exists
g ∈ G such that gx = y. We denote this equivalence relation by RG|F , as
this is the restriction to F of the measure-preserving, countable, measurable,
ergodic equivalence relation on X determined by the orbits of the action of G
onX ([6]). Such an equivalence relation was also considered in ([1], Example
1.6.3).
Feldman and Moore constructed ([4]) a canonical type II von Neumann
algebra associated with the relationRG|F , which we will denote byM(RG|F ).
As explained in the next section, the canonical generators for M(RG|F )
are the elements of the algebra L∞(F, ν) and a family of partial measure-
preserving isomorphisms (viewed as partial isometries)
ΦRG|F = {φ : Aφ → Bφ},
where Aφ, Bφ are measurable subsets of F , of equal measure, and the func-
tions φ are measure-preserving partial isomorphisms (that is isomorphisms
on their domain and codomain). We assume that the family ΦRG|F is closed
under the composition operation (on the maximal possible domain of the com-
position) and under the inverse operation.
Since the relation RG|F is constructed by restriction to F of the relation
RG, which has a canonical system of generators - the transformations on X ,
given by the elements in the group G, there is a canonical choice for the set
ΦRG|F (see Definition 1 and formula (28) in Lemma 5).
Similarly to the construction of the crossed product algebra, one con-
structs ([4], see also next section) a ∗-algebra M0(RG|F ) and a positive trace
τ on it. The algebra M0(RG|F ) is the linear span of
ΦRG|F · L
∞(F, ν).
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The von Neumann algebra M(RG|F ) is constructed from the data consisting
of the ∗-algebra M0(RG|F ) and the associated trace τ , using the standard
GNS construction associated to τ . By construction, the algebra M0(RG|F )
has a canonical ∗-algebra representation into B(L2(F, ν)), which will be de-
scribed below. We denote this representation by πKoop, since it is the restric-
tion of the Koopman unitary representation (see e.g. [10]).
We denote by C(G⋊L∞(X , ν)) the algebraic crossed product of the al-
gebraL∞(X , ν) by the action of the groupG. ByL(G⋊L∞(X , ν)) we denote
the von Neumann algebra crossed product, obtained by the GNS construction
associated to the semifinite trace Trν induced by the G-invariant measure ν on
the cross product algebra C(G⋊ L∞(X , ν)) (see the construction in [4]). By
χF ∈ L
∞(X , ν) we denote the characteristic function of the set F . Then
(1) M0(RG|F ) = (χF )
î
C(G⋊ L∞(X , ν))
ó
(χF ).
and
(2) M(RG|F ) = (χF )
î
L(G⋊ L∞(X , ν))
ó
(χF ).
Here χF is identified with the unit element of the algebra M0(RG|F ).
The canonical trace Trν (see [4]), on the crossed product von Neumann alge-
braL(G⋊L∞(X , ν)), induced from the measure ν onX , restricts in the above
equality to the trace τ on M(RG|F ). The Koopman ∗-algebra representation
of C(G ⋊ L∞(X , ν)) into B(L2(X , ν)) (see e.g. [10]), when restricted to
the corner algebra described in formula (1), coincides with the representation
πKoop referred to above.
We use now the assumption that the group Γ is an almost normal sub-
group in G (for the definition see formula (3) in the next section). Associated
to this data, one constructs the Hecke ∗-algebraH0(Γ, G) of the double cosets
of Γ in G (for definitions see e.g. [2] or also formula (21) in Section 3). We
also have a ∗-algebra representation T = TpiKoop of the algebra H0(Γ, G) into
B(L2(X , ν)). The images through T of double cosets in the Hecke algebra are
the Hecke operators. As explained in the next section, the representation T is
also associated to the Koopman unitary representation ofG intoB(L2(X , ν)),
defined in the next section.
The algebra M0(RG|F ) considered in this paper is similar to the con-
struction in [17], [14]. The only difference is that, by making the additional
assumption on the existence of a fundamental domain F for the action of the
group Γ on X , we have concrete realizations of the quotient space X /Γ and
of this algebra (e.g. as a corner algebra as in formula (2)). As a bi-product,
we obtain an abstract description of the algebraM0(RG|F ) by generators and
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relations (see Theorems 3 and 8), with generators in the family ΦRG|F and the
algebra L∞(F, ν).
The Hecke algebra H0(Γ, G) is a subalgebra of M0(RG|F ). The above
Hecke algebra representation T into B(L2(X , ν)) is obtained by restricting
πKoop from M0(RG|F ) to the Hecke algebra H0(Γ, G).
When G = PGL2(Z[1p ]), Γ = PSL2(Z), p odd prime number, the rela-
tionRG|F is the equivalence relation associated to a free measure-preserving
action on F of the free group F = F(p+1)/2 on (p + 1)/2 generators. In this
situation we construct an explicit treeing (in the sense of [6]) for RG|F . We
prove that the generators and their inverses, which give the treeing, are bijec-
tive transformations in the canonical set ΦRG|F introduced above (constructed
in Lemma 5).
2. MAIN DEFINITIONS AND OUTLINE
In the framework introduced in the previous section, the subgroup Γ is
assumed to be almost normal in G. This assumption means that all subgroups
(3) Γσ = σΓσ−1 ∩ Γ, σ ∈ G,
have finite index [Γ : Γσ]. This property indicates that the subgroup Γ, which
is not necessary a normal subgroup of G, has, modulo finite (default) indices,
properties similar to normal subgroups. Throughout the paper Γσ will denote
the left cosets of Γ in G, while Γσ will denote the subgroup introduced in (3).
That formula indicates that the subgroup Γσ depends only on the left coset
Γσ−1 (or, respectively, depends only on the right coset σΓ) for σ ∈ G.
Throughout the paper it is assumed that
(4) [Γ : Γσ] = [Γ : Γσ−1 ], σ ∈ G.
This will be used in the construction of the inverses of the partial isomor-
phisms from the set ΦRG|F (see formula (28) in the Lemma 5). The typical
example for a pair of discrete groups as above is (see e.g. [12])
Γ = PSL(2,Z) ⊆ G = PGL(2,Q).
The above properties of the pair Γ ⊆ G are used to construct a ∗-algebra
structure on the algebra of double cosets. This algebra is the Hecke algebra
H0(Γ, G) of double cosets of Γ in G. We refer to [2], [12], [7], [24] for the
details of this construction (see also formula (21) in Section 3); however we
will briefly recall below the construction of the Hecke operators associated
with a unitary representation of the group G. The Hecke operators are then
defining the representation of the Hecke algebra (see e.g. [7]).
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The algebraH0(Γ, G) has a canonical action on the linear spaceC(Γ\G)
that is freely generated by the coset space Γ\G. This gives a ∗-embedding of
the algebra H0(Γ, G) into B(ℓ2(Γ\G)). The uniform closure of the image of
H0(Γ, G) in this embedding is called the reduced HeckeC∗-algebra of the pair
Γ ⊆ G, and will be denoted by H(Γ, G). Denote by [Γ] the vector in ℓ2(Γ\G)
corresponding to the identity coset. The condition in formula (4) implies that
the state 〈 · [Γ], [Γ]〉 on B(ℓ2(Γ\G)) restricts to a trace on H(Γ, G) (see [2]).
Given a representation π of the group G into the linear isomorphisms
group of a vector space V , one constructs (see e.g. [7], [2]) an algebra rep-
resentation T = Tpi of the Hecke algebra H0(Γ, G) into the endomorphism
space of the vector space VΓ consisting of vectors fixed by the subgroup Γ.
Clearly the representation T is determined by its values T ([ΓσΓ]) on the dou-
ble cosets of Γ in G, σ ∈ G, which are a linear generating set for the Hecke
algebra H0(Γ, G). The construction of the linear operators T ([ΓσΓ]) is de-
scribed below. These are the Hecke operators ([8], [18], see also [12]) associ-
ated with the representation π.
By hypothesis, [Γ : Γσ] <∞ for every σ ∈ G. Let
(5) Γ =
[Γ:Γσ]⋃
i=1
si[Γσ], si ∈ Γ,
be the disjoint decomposition of Γ as an union of left cosets of Γσ in Γ. Since
obviously
σ[Γσ−1 ] = [Γσ]σ,
it follows that every double coset ΓσΓ as above is a finite disjoint reunion of
right cosets of Γ in G,
(6) ΓσΓ =
[Γ:Γσ]⋃
i=1
siσΓ,
where the coset representatives si ∈ Γ are chosen as in formula (5). Note that
a similar, finite decomposition holds true for left cosets of Γ in G.
Then the Hecke operators T = Tpi are defined by the formula
(7) T ([ΓσΓ])v =
[Γ:Γσ]∑
i=1
π(siσ)v, σ ∈ G, v ∈ V
Γ, [ΓσΓ] ∈ H0(Γ, G).
The property that T ([ΓσΓ])v ∈ VΓ for v ∈ VΓ follows because any γ ∈ Γ
permutes the cosets in Γ/Γσ, (see e.g. the argument in [22], page 27). This is
indeed a representation of the Hecke algebra (see e.g. [24]).
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If the vector space V contains a π(G)-invariant Hilbert subspace H , and
if the family of isomorphisms {π(g)|H, g ∈ G} is a unitary representation of
G, then in particular examples one constructs a Hilbert space HΓ ⊆ VΓ (see
e.g. [18]). In this case the Hecke operators T ([ΓσΓ]) leave the Hilbert space
HΓ invariant, and their restriction to HΓ extends by linearity to a ∗-algebra
representation of the ∗-algebra H0(Γ, G).
The Ramanujan-Petersson conjectures ask for conditions on the repre-
sentation π such that the above representation of the Hecke algebra H0(Γ, G)
into B(HΓ) extends to a continuous C∗-algebra representation of the reduced
Hecke C∗-algebra H(Γ, G) introduced above (see [20] for this particular for-
mulation of the statement of the Ramanujan-Petersson conjectures). This con-
jecture has been solved affirmatively, in the context of automorphic forms, by
P. Deligne ([3]).
One situation where the Ramanujan-Petersson conjecture is still open
is when π is a Koopman unitary representation associated with a measure-
preserving transformation of the groupG on an infinite measure space (X , ν).
We assume, as in the introduction, that the subgroup Γ admits a fundamental
domain F in X with ν(F ) = 1. In this case H = L2(X , ν) and the Koopman
unitary representation π = πKoop is given by (see e.g. [10])
(8) πKoop(g)f(x) = f(g−1x), x ∈ X , f ∈ L2(X , ν), g ∈ G.
In this situation, the larger space V is the space of measurable functions onX .
We extend π to a representation of G into the linear isomorphism group of the
vector space V , by using the same formula as above. Clearly the space VΓ is
identified with the space of measurable functions on F . The natural choice for
the space HΓ is then L2(F, ν|F ). If σ is an element in G, using the choice of
coset representatives as in formula (6), the general formula (7) gives a Hecke
operator
T (ΓσΓ) = TpiKoop(ΓσΓ),
acting as a bounded linear operator on L2(F, ν|F ). The Hecke operator has
consequently the formula
(9) [T (ΓσΓ)](f)(x) =
[Γ:Γσ]∑
i=1
f((siσ)
−1x), x ∈ X , f ∈ L2(F, ν), σ ∈ G.
As explained before, this gives a ∗-algebra representation of the Hecke alge-
bra of double cosets H0(Γ, G). Since the constant function 1 ∈ L2(F, ν) is
left invariant by all operators (and their adjoints) in formula (9), it follows that
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restricting to the orthogonal space
L20(F, ν) = L
2(F, ν)⊖ C1,
we obtain a ∗-algebra representation of the Hecke algebra H0(Γ, G) into
B(L20(F, ν)). The Ramanujan-Petersson conjecture then asks for conditions
on the action of G on X so that this representation extends to a (continu-
ous)C∗-algebra representation of the reduced HeckeC∗-algebraH(Γ, G) into
B(L20(F, ν)).
If the condition in formula (4) holds true, then the Hecke C∗-algebra
H(Γ, G) is commutative ([12]) and the Hecke operators are selfadjoint ([18]).
The continuity conditions on the representation of the Hecke algebra may be
reformulated as a condition on the location of the spectrum of the Hecke op-
erators T (ΓσΓ)|L20(F,ν), σ ∈ G. In the case G = PGL(2,Q), Γ = PSL2(Z),
where X is the upperhalf complex planeH and G acts by Mo¨bius transforma-
tions, these conditions are replaced by a condition on the point spectrum of
the Hecke operators (see e.g. [22]).
Recall that the discrete group G is acting ergodicaly and a.e. freely, by
measure-preserving transformations on an infinite measure space (X , ν) with
σ-finite measure ν. We assumed that the restriction of this action to Γ admits
a fundamental domain F of measure 1. We consider the countable measure-
preserving equivalence relation RG on X induced by the orbits of G (see
e.g. [6]), and its restriction RG|F to F . We will analyze the Hecke operators
associated to this data, introduced in formula (9), from the point of view of
the countable measure-preserving equivalence relation RG|F .
The standard construction in [4] associates a type II von Neumann al-
gebra to any measure-preserving, countable, ergodic equivalence relation on
a probability space. The construction of the algebra M(RG|F ) associated to
RG|F is outlined below. Generally, because of the selection principle ([13],
see also [4]), the equivalence relation RG|F is implemented by a family of
measure-preserving isomorphisms
(10) ΦRG|F = {φ : Aφ → Bφ},
where Aφ, Bφ are measurable subsets of F , of equal measure, and the maps φ
are measure-preserving isomorphisms, defined on Aφ and taking values onto
Bφ. We refer to such maps as partial isomorphisms. We assume that ΦRG|F is
closed with respect to the inverse operation, and that the composition of any
two elements in ΦRG|F on the maximal admissible domain is the restriction of
another element in ΦRG|F . In the particular case of the relation RG|F , the set
ΦRG|F is explicitly described (see Definition 1 and Lemma 5), being shown to
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consist of partial isomorphisms, obtained by restricting elements in the group
G to suitable measurable subsets of F . The Hecke operators are calculated as
sums of elements in the set ΦRG|F .
One considers the partial crossed product algebraM0(RG|F ), generated
as linear space by elements of the form
(11) φf, φ ∈ ΦRG|F , f ∈ L∞(X, ν).
The characteristic function of a measurable subset A is denoted by χA.
The product formula on the algebra M0(RG|F ) is determined, for all φ ∈
ΦRG|F , f ∈ L
∞(X, ν), by (see [4])
(12) φf = φfχAφ = (f ◦ φ−1)χBφφ = (f ◦ φ−1).
In (12) it is implicitly assumed that in the algebra M0(RG|F ) the element φ
is identified with a partial isometry, acting on the Hilbert space L2(F, ν), with
initial space the projection χAφ ∈ L∞(X, ν) and range space equal to the pro-
jection χBφ ∈ L∞(X, ν). The above formula also determines the involution
on the algebra M0(RG|F ), by requiring that
(φf)∗ = (φ)−1f, φ ∈ ΦRG|F , f ∈ L
∞(X, ν).
Here f denotes the complex conjugate function. Denote by Fix(φ) the subset
of fixed points of φ. Since the partial isomorphisms in the family ΦRG|F are
measure-preserving, it follows that the formula
(13) τ0(φf) =
∫
Fix(φ)
fdν
defines a trace τ0 on the algebraM0(RG|F ). The arguments in [4] prove that,
by considering the GNS construction associated to τ0, one obtains a type II
von Neumann algebra M(RG|F ) endowed with a finite faithful trace τ . If the
measure-preserving relation RG|F is ergodic (see e.g. [6]), then M(RG|F )
is a factor ([4]). We let Ared(RG|F ) be the norm closure of the ∗-algebra
M0(RG|F ) inM(RG|F ). This will be referred to as the reduced C∗-algebra
associated to the relation RG|F .
The involutive algebra M0(RG|F ) has a canonical ∗-algebra represen-
tation πKoop, the analogue of the Koopman unitary representation into the
bounded linear operators on L2(F, ν). This is obtained as follows: Let Mf ∈
B(L2(F, ν)) denote the multiplication operator by f ∈ L∞(F, ν). For a par-
tial isomorphism φ ∈ ΦRG|F as in formula, denote by Uφ the partial isome-
try on L∞(F, ν) with initial, respectively final, projection MχAφ , respectively
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MχBφ , defined by mapping f ∈ L2(Aφ, ν) into L2(Aφ, ν). The precise for-
mula for the partial isometry Uφ is
(14) Uφ(f)(x) = f(φ−1x), x ∈ Aφ, f ∈ L2(Bφ, ν).
The representation πKoop is defined on generators as follows:
(15) πKoop(f) = Mf ; πKoop(φ) = Uφ, f ∈ L∞(F, ν), φ ∈ ΦRG|F .
The above formula extends by linearity to a ∗-representation πKoop of the ∗-
algebra M0(RG|F ).
The representation introduced in formula (8) has a canonical extension,
denoted by‡πKoop, to the algebraC(G⋊L∞(X , ν)), with values inB(L2(X , ν)).
As shown in formula (1), the algebra M0(RG|F ) is a reduced algebra of the
algebraC(G⋊L∞(X , ν)). The representation πKoop introduced in the formula
(15) is the restriction of the representation‡πKoop to the algebra M0(RG|F ).
To keep notation simple, when considering a partial isomorphism φ as a
partial isometry Uφ in the algebra M0(RG|F ), we will denote Uφ by φ. Then,
the composition of two partial isomorphisms φ, ψ on the maximal admissible
domain of the composition operation corresponds to the product
UφUψ ∈ M0(RG|F ).
More generally, let ı˙H : F → F
be a measurable transformation (not necessary bijective). Assume that there
exists two measurable partitions of the set F , (Ai)ni=1, (Bi)ni=1, such that ı˙H
maps Ai onto Bi, andı˙H|Ai : Ai → Bi, i = 1, 2, . . . , n,
is a partial, measure-preserving isomorphism, as above. In particular the sets
Ai, Bi have equal measure for all i. We will refer to the sets A1, . . . , An as
domains of injectivity (or bijectivity) for the transformation ı˙H , writing this
formally as
(16) ı˙H = n∑
i=1
[ı˙H ]χAi = n∑
i=1
χBi [
ı˙H ].
To each element as above we associate in the algebra M0(RG|F ) the element
(17)
n∑
i=1
UÙ˙HχAi.
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The notational convention introduced above implies that formula (16) re-
mains valid, if we consider the transformation ı˙H as an element of the algebra
M0(RG|F ). Clearly, by linearity, the composition
˙˜
H1 ◦
˙˜
H2,
of two transformations ˙˜H1,
˙˜
H2 as above corresponds, in the setting introduced
here, to the product of the two elements associated to the transformations, ˙˜H1,
˙˜
H2 in the algebra M0(RG|F ).
TheC∗-algebra generated by the image through the representation πKoop
of M0(RG|F ), introduced in formula (15), will be denoted by AKoop(RG|F ),
that is
(18) AKoop(RG|F ) = πKoop(M0(RG|F ))||·|| ⊆ B(L2(F )).
The representation T = TpiKoop introduced in formula (9) gives a ∗- al-
gebra embedding of the Hecke algebra into AKoop(RG|F ). Hence, the de-
termination of the C∗-norm on the algebra AKoop(RG|F ) is essential for the
determination of the continuity properties of the Hecke operators.
As specified above, we will also use the notation φ for the unitary Uφ
when φ ∈ ΦRG|F . The almost normality of Γ in G is used in Theorem 3 to
prove that the composition rule of the elements in the set ΦRG|F has a formula
analogue to the Hecke algebra multiplication, with L∞(F, ν)-coefficients. In
Theorem 8 we establish a precise presentation by generators and relations for
the algebra M(RG|F ). This is an explicit description for the action of the
generators ofRG|F which is context free (does not depend on F ) in the sense
of symbolic dynamics.
In the situation G = PGL2(Z[1p ]), Γ = PSL2(Z), p ≥ 3 prime num-
ber, the formula in Theorem 3 for the composition of the generators of the
∗-algebra associated to the equivalence relation RG|F , proves that RG|F is
treeable and of cost p+1
2
. In Theorem 9we prove that the generators intro-
duced in Definition 1 and Lemma 5 provide a canonical treeing ([6]) for the
treeable relation RG|F .
In particular, it follows as a corollary that, in analogy with the notion
of measured equivalence for groups ([6]), the group PGL2(Z[1p ]) is infinites-
imally orbit equivalent to F(p+1)/2 (see Corollary 11 for the definition of in-
finitesimally orbit equivalence).
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3. GENERATORS OF THE RELATION RG|F
In this section we construct a canonical family of generators, as in for-
mula (10), for the relationRG|F . We analyze first the composition formula for
such generators, and prove that this formula is a L∞(F, ν)-coefficients variant
of the Hecke algebra multiplication formula for double cosets. We determine
the formula for the inverses of these transformations on bijectivity domains.
Definition 1. Let G be a discrete group acting by measure-preserving
transformations, almost everywhere freely on X . Assume that Γ is an almost
normal subgroup, having a fundamental domain F ⊆ X of finite measure.
For g in G, we define a (non-injective) transformation (function)
˙ˆ
Γg : F → F,
as follows:
Let x be an element in F . Since F is a fundamental domain, there exists
a unique γ1 ∈ Γ and x1 in F such that gx = γ1x1. Then, we define:
(19) ˙ˆΓg(x) := x1 = γ−11 gx.
Clearly, the function ˙ˆΓg depends only on the right Γ-coset Γg of g ∈ G.
Consequently RG|F is generated by the transformations ˙ˆΓg, with g run-
ning through a system of representatives for right cosets of Γ. Hence, for
x, y ∈ F we have that x ∼ y with respect to the equivalence relation RG|F if
and only if there exists g ∈ G such that ˙ˆΓgx = y.
In Lemma 4 below we will prove that the transformations ˙ˆΓg are of the
type considered in formula (16).
Lemma 2. For every g ∈ G, the transformation ˙ˆΓg is not injective, but
the cardinality of the preimage of each point in the image is equal to [Γ : Γg].
In addition, if Γgsi are the left Γ-cosets contained in ΓgΓ, then every point x
in F will show up exactly [Γ : Γg]-times in the reunion of the images of the
maps ˙ˆΓgsi.
The same is true for preimages, with [Γ : Γg−1] instead of [Γ : Γg].
Proof. We have to count images and preimages. But this follows from the
fact that if si are the coset representatives for Γg−1 in Γ, then the domain
F0 =
⋃
i gsiF is a fundamental domain for Γg−1 and it covers [Γ : Γg] times
the set F . 
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The transformations ˙ˆΓg, g ∈ G have a natural composition rule, similar
to the multiplication rules from the Hecke algebra with L∞(F, ν) coefficients.
Theorem 3. With the previous hypothesis, let g1, g2 be arbitrary ele-
ments in G. Let rj , j = 1, 2, . . . , [Γ : Γg−11 ] be a family of right coset repre-
sentatives for Γg−11 in Γ. Let A
rj
g1,g2 be the subset of F defined by the formula:
{f ∈ F | rjg2f ∈ Γg−11 F} = (rjg2)
−1Γg−11
F ∩ F.
Then
(i). The composition of the transformations ˙¯Γg1 and ˙¯Γg2 of F is given by
(20) ˙¯Γg1 ◦ ˙¯Γg2 =
∑
j
˙¸ Γg1rjg2 χArjg1,g2 .
(ii) The sets Arjg1,g2, j = 1, 2, . . . , [Γ : Γg−1] give a partition of the set F .
Formula (20) indicates that the term on the left side of the equation,
when restricted to any of the sets Arjg1,g2 , for a fixed index j, is equal to the
transformation ˙¸ Γg1rjg2 restricted to the same set.
Before giving the proof of the theorem, we note the similarity between
formula (20) and the representation ([2], [24]) of the Hecke algebra into
B(ℓ2(Γ\G)). Indeed, using the notation from the statement of the above theo-
rem, we have that the following formula defines the action of the double coset
[Γg1Γ] ∈ H0(Γ, G) on the right coset [Γg2] ∈ ℓ2(Γ\G):
(21) [Γg1Γ][Γg2] =
∑
j
[Γg1rjg2].
This formula, using the fact that any double coset is a finite union of left
(respectively right) cosets, determines the product in the Hecke algebra (see
e.g. [12]).
Proof of Theorem 3. Since G acts freely almost everywhere, we may simply
work on an orbit of G. So we way assume that X = G, and that F = S ⊆ G
is a system of coset representatives for Γ \ G. Our assumption means that
Γ =
⋃
j Γg−11
rj . Equivalently we have the disjoint union Γg1Γ = ⋃j Γg1rj .
Given s ∈ S and two left cosets Γg1,Γg2, we calculate the composition
[
˙¯
Γg1] ◦ [
˙¯
Γg2](s).
We assume that g2s = γ2s2 for some γ2 ∈ Γ, s2 ∈ S, and thus
˙¯
Γg2(s) = s2.
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Then s2 = γ−12 g2s and hence
g1([
˙¯
Γg2](s)) = g1s2 = g1γ
−1
2 g2s.
We first identify the coset of Γg−11 , to which the element γ
−1
2 belongs. Assume
thus that γ−12 belongs to Γg−11 rj for some fixed j. Thus we are assuming that
γ−12 = θrj for some θ ∈ Γg−11 . Then
g1γ
−1
2 g2s = (γ1θγ
−1
1 )g1rjg2s.
But θ′ = γ1θγ−11 belongs to Γg ⊆ Γ, since
gΓg−1g = g(Γ ∩ g
−1Γg)g = Γg.
Thus
g1(
˙¯
Γg2s) = g1γ
−1
2 g2s = θ
′(g1rjg2)s.
On the other hand, there exist γ1 ∈ Γ, s1 ∈ S such that
g1rjg2s = γ1s1.
Thus
˙¸ Γg1rjg2(s) = s1.
From the above formula we conclude that
g1([
˙¯
Γg2](s)) = θ
′γ1s1,
and hence
(22) ˙¯Γg1
Ä
[
˙¯
Γg2](s)
ä
= s1 =
˙¸ Γg1rjg2(s).
We have to determine the conditions that we have to impose on s, so that γ2
belongs to Γg−11 rj . But the relation defining s2 was
g2s = γ2s2.
Thus, for γ−12 to belong to Γg−11 rj , which is equivalent to
γ2 ∈ r
−1
j Γg−11
,
it is necessary and sufficient that g2s belongs to r−1j Γg−11 S.
Thus, for the given choice of the coset representative rj , formula (22)
holds true if the element s belongs to the set
Arjg1,g2 = g
−1
2 r
−1
j Γg−11
S ∩ S.
Hence, formula (20) holds true on the set Arjg1,g2 . This completes the proof of
(i).
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Part (ii) is proved as follows. Since the cosets r−1j Γg−11 are disjoint and
S is a set representatives for Γ\G, it follows that γS ∩ S = ∅ for all γ 6= e
and hence γ1S ∩ γ2S = ∅ if γ1 6= γ2. Hence
r−1j Γg−11
S ∩ r−1k Γg−11 S = ∅ if j 6= k.
Since ⋃
j
Arjg1,g2 = gΓS ∩ S = gGS ∩ S = G ∩ S = S,
it follows that the sets Arjg1,g2 , j = 1, 2, . . . , [Γ : Γg−11 ] give a partition of the
set S (and hence of the set F , with the initial notation). 
In the context of the previous theorem, we note that the decomposition
˙¯
Γg1 ◦
˙¯
Γg2 =
∑
j
˙¸ Γg1rjg2 χ[g−12 r−1j [Γg−1
1
]F∩F ]
obviously depends only on the coset class Γg1 of the group element g1, since
Γg−11
= g−11 Γg1 ∩ Γ.
The formula does not depend either on the choice of the representative
g2 in Γg2, since changing g2 into γ′g2 would have the effect of permuting the
sum. This is due to the fact that
[Γg−11
]rjγ
′ = [Γg−11
]rpiγ′(j)
for a permutation πγ′ of the set {1, 2, . . . , [Γ : Γg−11 ]}, depending only on γ
′
.
Using the results from the previous statement, we also prove the fol-
lowing formula for inverses of the transformations introduced in Definition 1,
when restricted to their corresponding injectivity domains.
Lemma 4. Fix g ∈ G. Let αi, i = 1, 2, . . . , [Γ : Γg] be a system of right
representatives for cosets of Γg in Γ. Then
(i) For each i, the image through ˙ˆΓg of the set
Aαi,Γg =: g
−1[Γg]αiF ∩ F = {s ∈ F | gs ∈ ΓgαiF},
is the set
Bαi,Γg =: α
−1
i [Γg]gF ∩ F.
The transformation ˙ˆΓg|Aαi,Γg , with values in the set Bαi,Γg, is bijective. Its
inverse is the restriction of the transformation ˙¸ Γg−1αi to the set Bαi,Γg.
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(ii) The sets Aαi,Γg, i = 1, 2, . . . , [Γ : Γg] give a partition of F . In general, the
sets Bαi,Γg, i = 1, 2, . . . , [Γ : Γg] do not form a partition, as they may have
overlaps in F .
Proof. As in the proof of the previous lemma, we way assume that X = G,
and that F = S is a system of coset representatives for Γ \G.
The choice of the right coset representatives αi, corresponds to the fact
that the following disjoint unions hold true:
(23) Γ = ⋃
i
Γgαi and Γg−1Γ =
⋃
i
Γg−1αi.
First we show that the image through ˙ˆΓg of the set Aαi,Γg is the set
α−1i ΓgS ∩ S. Let
s ∈ Aαi,Γg = g
−1Γgα
−1
i S ∩ S = {s ∈ S | gs ∈ ΓgαiS}.
Thus
gs = θαis1
for some s1 ∈ s, θ ∈ Γg. Then
s1 = αi = θg,
and this belongs to α−1i ΓggS ∩ S.
To verify the inverse formula we have to calculate the composition
˙¸ Γg−1αi ◦ ˙ˆΓg.
Using the previous theorem, we let rj , j = 1, 2, . . . , [Γ : Γ(g−1αi)−1 ] be a sys-
tem of right representatives for the subgroup Γ(g−1αi)−1 in Γ. This corresponds
to the fact that
Γ =
⋃
j
[Γ(g−1αi)−1 ]rj .
Clearly
Γ(g−1αi)−1 = Γα−1i g
= α−1i Γgαi.
Hence we have the disjoint union decomposition
Γ =
⋃
j
(α−1i Γgαi)rj.
Because of the initial assumption from formula (4), it follows that the
two sets of representatives (αi)i and (rj)j have the same cardinality. Then,
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formula (20) from the statement of the previous theorem proves that
(24) ˙¸ Γg−1αi ◦ ˙ˆΓg = ∑
j
˙ˇ Γg−1αirjg χ[g−1r−1j [Γα−1
i
g
]S∩S].
The identity transformation will appear in the right hand side of the sum above
exactly when αirj belongs to Γg. Consequently, the identity term in the right
hand side sum of (24) is located on the set
(25) g−1r−1j [Γα−1
i
g]S ∩ S = g
−1r−1j [α
−1
i Γgαi]S ∩ S
iff αirj belongs to Γg. In this case the set in formula (25) coincides with
g(αirj)
−1[Γg]αiS ∩ S = g
−1[Γg]αiS ∩ S.
Consequently, the inverse of the transformation ˙ˆΓg, when restricted to the
domain g−1[Γg]αiS ∩ S, is the transformation
˙¸ Γg−1αi. This completes the
proof of (i).
Part (ii) is proved as in the previous lemma, using the fact that F is a
fundamental domain for the action of the group Γ on X . 
In the following lemma we list the inverses of all transformations cor-
responding to the right cosets of Γ that belong to a fixed double coset of Γ.
This allows us to list the set of transformations belonging to an explicit set of
transformations ΦRG|F as in formula (10), generating the countable equiva-
lence relation RG|F .
For any g in G, let rj , j = 1, 2, . . . , [Γ : Γg−1 ] be a system of left coset
representatives for the subgroup Γg−1 of Γ. This choice corresponds to
(26) Γ = ⋃
j
Γg−1rj or ΓgΓ =
⋃
j
Γgrj.
The inverses of all transformations ˙˘Γgrj, restricted to their correspond-
ing bijectivity domains Aαi,Γgrj constructed in the previous lemma, are listed
below in formula (28).
Let the coset representatives (αi)i be defined by the requirement from
formula (23) in the statement of the previous lemma. The initial assumption
expressed in formula (4) implies that the two sets of coset representatives
introduced in formulae (23) and (26) have the same cardinality.
Since Γgrj = Γg, the choice of the coset representatives (αi)i is inde-
pendent of the choice of the coset representatives (rj)j introduced in formula
(26). The choices of the coset representatives may be summarized by requir-
ing that both disjoint unions ⋃i Γgαi and ⋃j Γg−1rj are equal to Γ.
HOMOGENEOUS QUOTIENTS BY A DISCRETE GROUP 17
Lemma 5. Let g ∈ G and let (αi) and (rj) denote the pair of coset
representatives constructed in formulae (23) and (26), with i, j ∈ {1, . . . , [Γ :
Γg−1 ] = [Γ : Γg]}. Then:
(i) For all i, j, the inverse of the transformation ˙˘Γgrj, restricted to the bijec-
tivity domain
(27)
î
(grj)
−1[Γgrj ]α
−1
i
ó
F ∩ F =
î
(grj)
−1[Γg]α
−1
i
ó
F ∩ F,
is the transformation ˙ˇ Γr−1j g−1αi = ˙¸ Γg−1αi, restricted to the bijectivity do-
main î
α−1i [Γg]grj
ó
F ∩ F =
î
α−1i g[Γg−1]rj
ó
F ∩ F.
(ii) The canonical choice for the set ΦRG|F as in formula (10) is given by the
following set of measure-preserving, partial isomorphisms of the set F :
(28)
¶ ˙˘
Γgrj :
î
r−1j g
−1[Γg]αiF ∩ F
ó
→
î
α−1i g[Γg−1]rj
ó
F ∩ F | g ∈ G
©
,
where for each double coset ΓgΓ, the coset representatives (αi, rj)i,j=1,...,[Γ:Γg]
are chosen as above.
Proof. This follows from the previous lemma. One applies the formula for
the inverse of the transformation ˙ˆΓg for the transformation ˙˘Γgrj 
With the notation from Lemma 5, we note that because F is a funda-
mental domain for the action of the group Γ, the sets r−1j g−1[Γg]αiF ∩ F are
disjoint after i. Similarly, the sets [α−1i g[Γg−1]rj]F ∩ F are disjoint after j.
Remark 6. In the context of the previous two lemmas, fix g ∈ G and
consider the (non-injective) transformation ˙ˆΓg : F → F . Using the notation
in Lemma 4, choosing (αi), i = 1, . . . , [Γ : Γg] as in formula (23), we have
(29) ˙ˆΓg = ∑
i
˙ˆ
Γgχ[Aαi,Γg].
In the algebra M0(RG|F ) this corresponds, by formula (14), to the element:
(30) ∑
i
Uı˙Γg|Aαi,Γg .
This is possible, as explained in Section 2 in formulae (16) and (17), because
the restriction ˙ˆΓg|Aαi,Γg is injective.
In Section 2, when describing the generators for the algebraM0(RG|F ),
we introduced the convention that, as element of the above mentioned algebra,
for a measure-preserving partial isomorphism φ ∈ ΦRG|F , the partial isometry
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Uφ in formula (14) will be simply denoted by φ. With this notation to the
transformation ˙ˆΓg corresponds the element in the right hand side of formula
(29), when regarded as an element of the ∗-algebra M0(RG|F ).
Let πKoop be the Koopman representation of G on L2(X , ν) and let PχF
be the projection operator of multiplication with the characteristic function χF
on L2(X , ν). Then, the construction in Definition 1 proves that the elements
in the algebraM0(RG|F ), introduced in the formulae (29) and (30), also have
the alternative formula
(31) ˙ˆΓg = ∑
θ∈Γg
PχFπKoop(θ)PχF , g ∈ G.
The sum in the right hand side of the above formula is considered in [21].
Fix a double coset [ΓgΓ] of Γ in G and let A[ΓgΓ] be the set of partial
isomorphisms, enumerated in formula (28), corresponding to a fixed g ∈ G.
Using the results in [21], we obtain that the Hecke operator associated
to the double coset
[ΓgΓ] =
⋃
i
Γσsi,
can be expressed as
(32) T ([ΓgΓ]) = ∑
θ∈ΓgΓ
PχFπKoop(θ)PχF =
∑
i
˙˘
Γgsi ∈M0(RG|F ).
Thus, using the results and notation from Lemma 5, we obtain the following
expression for the Hecke operators, associated to a double coset [ΓgΓ], g ∈ G:
(33) T ([ΓgΓ]) = ∑
φ∈A[ΓgΓ]
φ.
4. A CANONICAL PRESENTATION BY GENERATORS AND RELATIONS OF
THE ALGEBRA M0(RG|F )
We first introduce the following definition:
Definition 7. LetB be the minimal σ-algebra of measurable subsets ofF
that is left invariant under the action of the partial isomorphisms considered
in formula (28) and that contains all the bijectivity domains for the above
transformations, which are the sets considered in Lemma 4:
α−1i [Γg]gF ∩ F and g−1[Γg]αiF ∩ F, g ∈ G.
In the above formula, for each g ∈ G, the set (αi) consist of the right coset
representatives for Γg in Γ (i.e. Γ = ⋃i Γgαi.)
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The aim of this section is to provide a description of the σ-algebra B.
Obviously, with the notation introduced in Definition 7, the sets
g−1[Γg]αiF ∩ F
are equal to the sets
(34) {s | gs ∈ ΓgαiF ∩ F},
while the sets α−1i [Γg]gF ∩ F = α−1i g[Γg−1]F ∩ F are equal to the sets
(35) {s ∈ F | α−1i gs ∈ Γg−1F}.
We decompose Γg as a disjoint union of cosets, with respect to smaller normal
subgroup Γ0 ⊆ Γg. Thus
Γg =
⋃
a
γaΓ0.
Then the sets in (34) and (35) are disjoint unions of sets of the form
{s ∈ F | gs ∈ Γ0F}, g ∈ G.
We describe explicitly, using the generators constructed in Definition 3,
the action of the partial isomorphisms, determining the equivalence relation
RG|F on the σ-algebra B. We will also give an abstract description of the
σ-algebra B.
Let L be the the lattice of subgroups of Γ generated by all subgroups
of the form Γσ, σ ∈ G. We assume that the lattice L has a cofinal subset of
normal subgroups in Γ.
Let
(36) S = {gΓ0| Γ0 ∈ L, g ∈ G},
be the set consisting of all cosets inG, corresponding to subgroups in L. Then
S has a natural partial relation corresponding to the inclusion relation. We let
Y be the disjoint union
Y =
⋃
n≥0
S×n.
Here we use the convention that S×0 is the singleton {e}, where e is the
neutral element of the group G.
Let n be a natural number, gi be arbitrary elements of G, Γi be arbitrary
subgroups in L, and Ci = giΓi for i = 1, 2, . . . , n. Let
ε = (C1, C2, . . . , Cn) ∈ Y .
We let
(37) Dε = F ∩ C1F ∩ C2F ∩ . . . ∩ CnF.
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If n = 0, by convention we let D{e} be equal to the set F .
Recall that the set F is a measurable fundamental domain, with measure
1, corresponding to the action of Γ onX . Let Γ0 be a subgroup of Γ1∩. . .∩Γn.
It is the obvious that Dε is a disjoint union of sets as in equation (37), where
instead of the subgroups Γ1, . . . ,Γn we may use only the subgroup Γ0.
Below we will use the alternative notation
(38) C1 × C2 × · · · × Cn =: F ∩ C1F ∩ C2F ∩ . . . ∩ CnF.
Using the above notation, it obviously follows that the intersection op-
eration, for sets as in the right hand side of the formula (38), corresponds to
the concatenation operation, if using the notation introduced in the left hand
side of the above formula. We define
νF (C1 × C2 × · · · × Cn) = ν(F ∩ C1F ∩ C2F ∩ . . . ∩ CnF ).
In the next statement we prove the equality between the σ-algebra B and
the set consisting of countable unions of sets of the form
C1 × C2 × · · · × Cn,
as in formula (38).
We will denote by L∞(B, νF ) the algebra of bounded B-measurable
functions onX , endowed with measure νF introduced above. By construction
we have
L∞(B, νF ) ⊆ L
∞(X , ν).
The transformations ˙ˆΓg, generating the equivalence relation RG|F , are
subject to the composition equations proved in Theorem 3. This result and
the new notation introduced in (38) provide the formulae
(39) ˙¯Γg1 ◦ ˙¯Γg2 =
∑
j
˙¸ Γg1rjg2χ[(rjg2)−1[Γ
g
−1
1
]], g1, g2 ∈ G,
where rj , j = 1, 2, . . . , [Γ : Γg−11 ] are right coset representatives for Γg−11 in Γ.
We reformulate the content of Lemma 4 using the notation from formula
(38). Recall that the partial isomorphisms of the set F introduced in the list in
formula (28) are identified with partial isometries in the ∗-algebraM0(RG|F )
associated to the relation RG|F .
Fix g ∈ G and let (αi)i, i = 1, . . . , [Γ : Γg] be a set of right coset
representatives corresponding to the inclusion Γg ⊆ Γ. Then, for all indices
i, the elements
(40) ( ˙ˆΓg)χ[g−1Γgαi] ∈M0(RG|F ),
HOMOGENEOUS QUOTIENTS BY A DISCRETE GROUP 21
are partial isometries with initial spaces equal to the projections
χ[g−1Γgαi] ∈ L
∞(B, νF ).
The range of the isometries in formula (40) is equal to the projections
χ[α−1i gΓg−1 ]
∈ L∞(B, νF ).
The partial inverse (adjoint) of the above isometry is ˙¸ Γg−1αiχ[α−1
i
[Γg]g]
.
Theorem 8. Let Mmin(RG|F ) be the ∗-subalgebra of the ∗-algebra
M0(RG|F ), generated by the partial isometries (introduced in formula (40))
(
˙ˆ
Γg)χ[g−1Γgαi], i = 1, . . . , [Γ : Γg], g ∈ G,
and by the algebra L∞(B, νF ) ⊆ L∞(X , ν). Then
(i) The range of the representation, constructed in Section 2, of the Hecke
algebra H0(Γ, G) into the algebra M0(RG|F ) ⊆ B(L2(F, ν)), is contained
into the ∗-algebra Mmin(RG|F ).
(ii) The action of the transformations listed in formula (40) on the sets intro-
duced in formula formula (38) is abstractly described as follows:
Consider an arbitrary element in the set Y:
g−11 Γ0 × g
−1
2 Γ0 × · · · × g
−1
n Γ0.
Let Γ1 be a small enough (to be determined in the proof) normal subgroup
of Γg, and let (rj)j=1,...[Γg:Γ1] be a system of right coset representatives of
the subgroup Γ1 in the group Γg. Let (αi)i=1,...,[Γ:Γg] be a system of right
cosets representatives for the subgroup Γg of G. For each i, consider the
corresponding disjoint sets decomposition
F ∩ g−1ΓgαiF =
⋃
j
[F ∩ g−1rjαiΓ1F ] =
⋃
j
g−1rjαiΓ1.
Then, for all i, j, the partial isomorphism ( ˙ˆΓg)χ[g−1[Γg]αi] maps the char-
acteristic function of the set
g−1rjαiΓ1 × g
−1
1 Γ0 × g
−1
2 Γ0 × · · · × g
−1
n Γ0
onto the characteristic function of the set
α−1i r
−1
j Γ1g ××
n
i=1α
−1
i r
−1
j gg
−1
i Γ0.
(iii). The σ-algebra B consists of countable unions of sets as in formula (38).
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Proof. Part (i) is a direct consequence of the formula (33) for the Hecke op-
erators.
To prove part (ii), we note first that it is sufficient to describe the action
of the generators ˙ˆΓg, g ∈ G on a domain of bijectivity. For a fixed g ∈ G,
we let (αi)i be a system of representatives for Γg ⊆ Γ. Thus Γ =
⋃
i Γgαi.
Consider the restriction of ˙ˆΓg to the bijectivity domain
g−1ΓgαiF ∩ F = {s ∈ F | gs ∈ ΓgαiF}.
If Γ0 is a normal subgroup of Γ, we let
Ag1,...,gn,Γ0 = {s ∈ F | gis ∈ Γ0F},
be one of the generators of the σ-algebra B introduced above.
Recall that the σ-algebra B is generated by subsets of F of the form
Ag1,g2,...,gn,Γ1,...,Γn = {s ∈ F | g1s ∈ Γ1F, . . . , gn s ∈ ΓnF},
where g1, g2, . . . , gn ∈ G, Γi, . . . ,Γn are subgroups of Γ of finite index, in the
directed subset L of subgroups of Γ.
It is clear that by dividing each of the subgroups Γi into cosets with
respect to a smaller common subgroup Γ0, we arrive at the situation where we
work with the σ-algebra generated by subsets of F of the form
Ag1,...,gn,Γ0 = {s ∈ F | gis ∈ Γ0F}.
We may also reduce to the case in which we work only with gi in a
fixed system R of representatives for cosets of Γ in G. Let rj be a system of
representatives for Γ0 in Γ, thus Γ =
⋃
j rjΓ0, j = 1, 2, . . . , [Γ : Γ0].
Then the following sets:
Ag1,...,gn,rj1 ,...,rjn ,Γ0 = {s ∈ F | gis ∈ rjiΓ0F, i = 1, 2, . . . , n},
where g1, . . . , gn run over the system of representativesR of Γ inG, j1, . . . , jn
run over {1, 2, . . . , [Γ : Γ0]} and Γ0 runs over L, and n ∈ N, are a system of
generators of the σ-algebra B of subsets of F .
With αi as in the statement of the theorem, ˙ˆΓg is bijective on the set
(41) {s ∈ F | gs ∈ ΓgαiF}.
We let Γ1 be a small enough normal subgroup. The conditions on how small
the group Γ1 has to be taken will be determined later in the proof. We decom-
pose Γg as a disjoint union
[Γg:Γ1]⋃
j=1
rjΓ1,
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of left cosets of the subgroup Γ1.
Hence the set in formula (41) becomes the disjoint union of the sets
{s ∈ F | gs ∈ rjαiΓ1F}.
We want to determine the image through ˙ˆΓg of the set
(42) {s ∈ F | gs ∈ rjαiΓ1F} ∩ {s | gis ∈ Γ0F}.
Note that the normality of Γ1 yields
rjαiΓ1 = Γ1rjαi.
We fix an element f in the set (42). Then gf is of the form θ1rjαif1 with
θ1 ∈ Γ1 and f1 ∈ F . Moreover,
gif ∈ Γ0F.
Then
˙ˆ
Γg(f) = f1,
and
f = g−1θ1rjαif1.
The condition that gif ∈ Γ0F then translates into gi(g−1θ1rjαi)f1 ∈ Γ0F ,
which is the same as
f1 ∈ α
−1
i r
−1
j θ
−1
1 gg
−1
i Γ0F.
We choose the subgroup Γ1 to be small enough so that there exists a fixed
subgroup Γ2 of Γ0 such that, for all i,
Γ1gg
−1
i = gg
−1
i Γ2.
Hence the condition on f1 is that
f1 ∈ α
−1
i r
−1
j gg
−1
i Γ0F.
We also have to impose the condition that f1 belongs to the image of
{s | gs ∈ rjαiΓ1F}
through ˙ˆΓg. But for all j, we have
f = g−1θrjαif1.
Hence
f1 = α
−1
i r
−1
j θ
−1gf,
and hence
f1 ∈ α
−1
i r
−1
j Γ1gF ∩ F ⊆ α
−1
i ΓggΓ ∩ F.
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Thus the necessary and sufficient condition on f1 is that it belongs to
{s ∈ F | rjαis ∈ Γ1gF} ∩
n⋂
i=1
{gig
−1rjαis ∈ Γ0F}.
Note that the first set in the intersection is also described by the formula
{s ∈ F | g−1rjαis ∈ gΓ1g
−1F},
where gΓ1g−1 ⊆ Γ since Γ1 ⊆ Γg−1 .
When translating this in terms of the measure space L∞(B, νF ), we ob-
tain part (ii) in the theorem.
Because of (ii), the σ-algebra generated by measurable subsets of F ,
as considered in formula (38), is left invariant by the transformations listed
in formula (40). Hence, by the Definition 7 this algebra coincides with the
σ-algebra B. This concludes the proof of part (iii) of the theorem. 
5. THE SITUATION G = PGL2(Z[1p ]), Γ = PSL2(Z), p ODD PRIME
In this section we assume that G = PGL2(Z[1p ]) and Γ = PSL2(Z),
where p ≥ 3 is a prime number. Recall that Z[1
p
] is the ring of rational
numbers whose denominators are powers of the prime number p. We use
the properties of the generators of the algebra M0(RG|F ) associated to the
equivalence relation RG|F , and their multiplication formula, proved in Theo-
rem 3.
We prove that in this case the measurable, countable, ergodic equiva-
lence relation RG|F on the fundamental domain F is induced by an a.e. free,
ergodic, probability, measure-preserving action of the free group on (p+1)/2
generators on F . The partial isomorphisms of the set F , introduced in Def-
inition 1 and Lemma 5, provide an explicit L-graphing ([6], see also [11],
Section 17, page 58) of minimal cost (p + 1)/2, for the treeable equivalence
relation RG|F .
We are indebted to the anonymous referee, of a first version of this paper,
for pointing out to the author that a related argument was considered in the
paper [1].
In the case considered in this section, the structure of the Hecke ∗-
algebra H0(G,Γ) is well known. We recall from [12] the basic facts about
the structure of this algebra and its action on the linear space ℓ2(Γ\G) freely
generated by the set Γ\G of cosets of Γ in G.
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For n ∈ N, consider the following group element in G:
σpn =
Ç
pn 0
0 1
å
.
The double cosets of Γ in G are
{[ΓσpnΓ] | n ∈ N}.
The identity element of the Hecke algebra is [Γ], the coset corresponding to
the identity element in G. The Hecke algebra is commutative and the multi-
plication rule in the Hecke algebra is as follows:
(43) [ΓσpnΓ][ΓσpΓ] = [Γσpn+1Γ] + p[Γσpn−1Γ], n ≥ 1,
and
(44) [ΓσpΓ][ΓσpΓ] = [Γσp2Γ] + (p+ 1)[Γ].
The ∗-operation on the Hecke algebra is
(45)
Ä
[ΓσpnΓ]
ä∗
= [Γ(σpn)
−1Γ] = [ΓσpnΓ].
There are exactly p+1 (left or right) cosets of Γ contained in the double coset
[ΓσpΓ], which we enumerate as follows:
(46) ΓσpΓ =
p+1⋃
i=1
Γσpsi.
The above sets of formulae (43), (44), (45) is identical to the relations
that hold in the radial algebra of a free group. We briefly recall below the
structure of the radial algebra in the group algebra C(F(p+1)/2) of a free group
with (p+ 1)/2 generators (see e.g. [19]). For n ∈ N, let χn ∈ C(F(p+1)/2)
be the sum of all words of length n. In particular χ0 is the identity element,
and the selfadjoint elements χn verify the equalities (43) and (44), with χn
substituting [ΓσpnΓ] in the above formulae, for all n ∈ N. The C∗-algebra
generated by χn, n ∈ N in the reduced C∗-algebra of the free group is called
the radial algebra.
The formula for the Hecke operator
Tp =: T ([ΓσpΓ]),
corresponding to the double coset [ΓσpΓ] and acting on L2(F, ν), associated
to the Koopman unitary representation πKoop of G into the unitary group of
L2(X , ν) (see the introductory section for definitions), is
(47) (Tp)f(x) =
p∑
i=1
f((σpsi)
−1x), x ∈ X , f ∈ L2(F, ν).
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The Hecke operators Tpn =: T ([ΓσpnΓ]), for n > 1 are described by a similar
formula.
We also recall bellow a few facts ([11]) about special sets of generators
for the countable, measurable equivalence relation RG|F . Consider a set
Φ0 = {φ | φ : Aφ → Bφ},
consisting of measure preserving, partial isomorphisms φ of F , with domain
Aφ and range Bφ. Note that it automatically follows that the sets Aφ and Bφ
have equal measure.
The set Φ0 is called a L-graphing for the measurable equivalence relation
RG|F if, with the exception of sets of measure 0, two points x, y in F are
equivalent with respect toRG|F if and only if there exist φ1, φ2, . . . , φn in Φ0,
and ε1, ε2, . . . , εn in {±1} such that
y = φε11 ◦ φ
ε2
2 ◦ · · · ◦ φ
εn
n (x).
An L-graphing Φ0 is called an L-treeing (see [15], [6] or see [11], Sec-
tion 21, page 62), which is also simply referred to as to a treeing for the
relation RG|F , if the choice is unique in a relation as above.
More precisely, an L-graphing Φ0 is a treeing, if almost everywhere, an
equality the form
x = φε11 ◦ φ
ε2
2 ◦ · · · ◦ φ
εn
n (x),
that holds true on a measurable set, not of measure 0, implies that the word
φε11 ◦ φ
ε2
2 ◦ · · · ◦ φ
εn
n ,
is trivial, due to cancellations of the elements in Φ0 with their inverses.
The cost C(Φ0) ([15]) of an L-graphing Φ0 is equal to the sum of the
measures of the domains of the partial isomorphisms in the set Φ0. If the
L-graphing Φ0 is a treeing, then the equivalence relation is treeable (for def-
initions see [15],[1], [6]). In this latest case, the cost C(Φ0) is equal to the
cost C(RG|F ) of the relation RG|F ([6]). If the relation RG|F is treeable of
integer cost n, then there exists an ergodic, measure preserving action of a
free group Fn on F , whose orbits are exactly the equivalence classes of the
countable, measurable equivalence relation RG|F ([9]).
Theorem 9. Let Γg be any of the cosets in the decomposition of the
double coset ΓσpΓ in left cosets, as in formula (46). For each such Γg, let
(sgi )
p+1
i=1 ⊆ Γ be a set of right coset representatives for the subgroup Γg of Γ.
Consider the subset
(48) Ap = { ˙ˆΓg|[g−1[Γg]sgi F∩F ] | Γg ⊆ ΓσpΓ, i = 1, 2, . . . , p+ 1},
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of the set ΦRG|F of partial isomorphisms introduced in Lemma 5.
Then
(i) The set Ap is closed with respect to the inverse operation for partial iso-
morphisms. No element in Ap is equal to its inverse.
(ii) LetA0p ⊆ Ap be a subset of representatives (modulo the inverse operation)
for the partial isomorphisms in the set Ap. This choice means that if φ ∈ A0p
then φ /∈ A0p.
Then, the set Ap is a canonical L-graphing for the equivalence relation
RG|F . The set A0p is a treeing for the measurable equivalence relation RG|F .
(iii) In particular, the equivalence relation RG|F is treeable (see [1]), and the
cost ([6]) of the relation RG|F is (p+ 1)/2.
Proof. The fact that the set Ap is closed under the inverse operation is a con-
sequence of the property expressed in formula (45) and of the construction in
Lemma 5. This proves part (i).
We next prove part (ii). Recall ([23]) that the action of ΓσpΓ on the
cosets in Γ\Gp copies exactly the action of the radial algebra on the elements
of the free group F(p+1)/2. Consequently, the Cayley tree of F(p+1)/2 with
origin at the neutral element e is identified with the set of cosets Γ \ G. The
elements at distance n to the origin correspond to the cosets in ΓσpnΓ, n ∈ N.
Let
χ1 =
(p+1)/2∑
i=1
si + s
−1
i ,
where (si)(p+1)/2i=1 are the generators of F(p+1)/2. Then χ1 is the radial element
of order 1 (the discrete laplacian) on F(p+1)/2. The action of χ1 on F(p+1)/2
corresponds bijectively to multiplication by ΓσpΓ in the space of cosets. More
precisely ([23]), there exists a bijection
Ψ : F(p+1)/2 → Γ \G,
such that Ψ maps the set of words of length n in F(p+1)/2 into the set of left
cosets of Γ contained in the double coset ΓσpnΓ, for all n ∈ N. Moreover, for
every w ∈ F(p+1)/2, the set
Ψ({siw, s
−1
i w, | i = 1, 2, . . . , (p+ 1)/2}),
is equal to the set of cosets in [ΓσpΓ]Ψ(w).
The fact that Ap is a L-graphing follows from Lemma 5 and from the
fact that, because of formula (43) in the introductory part of the introduction,
the coset ΓσpΓ is a selfadjoint generator for the Hecke algebra H0(Γ, G).
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Let Γg1,Γg2, . . . , Γgn be cosets in [ΓσpΓ]. Assume that the equality
(49) ˙¯Γg1 ◦ ˙¯Γg2 ◦ · · · ◦ ˙¯Γgn f = f
holds true for f in a measurable subset of non-zero measure of F .
In the above equation, we assumed that all the transformations
˙¯
Γg1, . . . ,
˙¯
Γgn,
are restricted to a domain of injectivity as in Lemma 4. By Theorem 3, this
corresponds to an equality of the form,
γg1r1g2rj . . . gn−1rn−1gnf = f,
where γ, r1, r2, . . . , rn−1 all belong to Γ.
Because of the properties of the map Ψ constructed above, an equality
as above may hold true for f in a non-zero measure subset of F if and only if
we can identify successive cancellations of a transformation in the set Ap by
its inverse.
Indeed, these cancellations correspond, because of the properties of the
map Ψ, to products gj1r′gj2 , in the above formula, that belong to the group Γ.
Thus an identity as in formula (49) corresponds to the fact that we are succes-
sively multiplying the transformations ˙¯Γgj in the product from the formula
(49), restricted to an injectivity domain as in Lemma 4, with their inverse
transformation, until we obtain the identity element.
Hence the product of the the transformations in formula (49) is the iden-
tity (restricted to an injectivity domain corresponding to the first transforma-
tion in the product).
Thus the equivalence relation is treeable, with an L-treeing consisting in
a set of representatives, modulo the inverse operation, of the partial isomor-
phisms in the set Ap.
Since the set Ap is closed under the inverse operation and the sum of the
measures of the domains of the partial isomorphisms in Ap is p + 1, the cost
of the relation must be p+1
2
. 
Remark 10. We recall from above that by Hjorth’s theorem ([9]), the
previous result proves that there exists a free group factor F(p+1)/2 acting
freely on F , whose orbits are the equivalence classes of the relation RG|F .
Note the Hecke operator Tp introduced in formula (47) has the formula
(see formula (32) in Section 3)
Tp =
∑
φ∈Ap
φ ∈ AKoop(RG|F ),
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where AKoop(RG|F ) is the C∗-algebra introduced in formula (18).
Because of Hjorth’s theorem, the algebraAKoop(RG|F ) is isomorphic to
the Koopman representation ([10]) on L2(F, ν) of the crossed product algebra
C∗(F(p+1)/2)⋊ L
∞(F, ν)).
Consequently, theC∗-algebraAKoop(RG|F ) contains two algebras which
are ∗-isomorphic to the radial algebra of the free group F(p+1)/2. One of these
algebras is the image, in the Koopman representation, of the radial algebra of
the free group itself, which acts as above on F .
The second algebra is generated by the representation of the Hecke oper-
ators in AKoop(RG|F ). The embedding of the Hecke algebra in AKoop(RG|F )
is constructed in the introduction.
We conjecture that the two representations of the radial algebra are uni-
tarily equivalent inAKoop(RG|F ). Moreover, we conjecture that the Koopman
unitary representation of the free group F(p+1)/2 is tempered, in the sense con-
sidered by Kechris ([10]). The second conjecture is suggested by the results
in the paper [25]. A simultaneous positive answer to these conjectures would
provide a positive answer to the Ramanujan-Petersson conjectures.
Note that because of the above, the Hecke operators associated with
Γ ⊆ G and a measure-preserving action of G on an infinite measure space,
admitting a fundamental domain for the action of Γ, are defined similarly to
the Hecke operators considered in [16].
We introduce the following definition that is suggested by the preceding
theorem and by the notion of weak orbit equivalence ([5]).
Definition 11. Let H1, H2 be two discrete groups. We will say that
H1 is infinitesimally orbit equivalent to H2 if there exist an infinite, ergodic,
measure-preserving, a.e. free action ofH2 on an infinite measure space Y , and
F a finite measure subset of Y , such that if RH2 is the countable equivalence
relation induced on Y by the orbits ofH2, thenRH2 |F is orbit equivalent to the
measurable equivalence relation corresponding to a free, ergodic, measure-
preserving action of H1 on F .
Thus, in particular we proved the following:
Corollary 12. The group F(p+1)/2 is infinitesimally orbit equivalent to
the group PGL2(Z[1p ]).
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6. MATRIX COEFFICIENTS OF HECKE OPERATORS
In this section we compute the matrix coefficients of the Hecke opera-
tors, by a method related to the previous considerations. The context is the
same as in Section 3.
We let G be a countable discrete group acting ergodicaly, by measure-
preserving transformations, on an infinite measure space (X , ν) with σ-finite
measure ν. In addition, we assume that Γ ⊆ G is an almost normal subgroup
that has a fundamental domain F of finite measure 1 in X . Let π = πKoop be
the Koopman (see e.g. [10]) representation of G into L2(X , ν).
On the Γ-invariant functions on X we introduce the (Petersson) scalar
product given by integration over F . Consequently, the Hilbert space of Γ-
invariant functions on X , denoted by L2(X , ν)Γ, is identified with the Hilbert
space L2(F, ν|F ). Recall that for σ ∈ G, we denote by T (ΓσΓ) the Hecke
operator on L2(F, ν) associated to the double coset ΓσΓ.
Proposition 13. We use the notation and definitions introduced above.
We assume that the characteristic function χF is cyclic for πKoop and consider
the Γ -invariant function (depending on the coset Γσ) defined by
fiχΓσ = ∑
γ∈Γ
π(γ)χσF .
Let S be the linear subspace of L2(X , ν)Γ generated by the functions fiχΓσ,
where Γσ runs over all cosets of Γ in G. By the assumptions on the function
χF , the space S is dense in L2(X , ν)Γ.
Then we have the following formulae:
(50) T ΓσΓflχΓσ1 = ∑
Γθ∈[ΓσΓ][Γσ1]
fiχΓθ, σ, σ1 ∈ G,
where [Γθ] runs over the set of left cosets in the product [ΓσΓ][Γσ1].
The Hilbert space scalar product in L2(X , ν)Γ is computed by
(51) 〈(flχΓσ1 ,flχΓσ2〉L2(X ,ν)Γ = ∑
γ∈Γ
ν(σ−11 γσ2F ∩ F ), σ1, σ2 ∈ G.
Before proving the proposition, we note that formulae (51) may be used
to define a direct scalar product on the linear space of cosets C(Γσ|σ ∈ G)
freely generated by the set of cosets of Γ in G. Note thatfiχΓσ is not a neces-
sarily a characteristic function, although it is a step function.
Formula (50) proves that the action of the Hecke operators on L2(F, ν)
copies the action of the Hecke algebra on L2(Γ\G); the only difference is
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showing up in the formula of the scalar product, which is now given by a new,
positive definite scalar product on the space of cosets.
Obviously, if σ1 is the identity element in formula (51), then the value
of the scalar product is 1. Also, if we decompose the coset σ1Γσ2, σ1, σ2 ∈ G
as a finite disjoint union ∪jgjΓhj of cosets of smaller subgroups Γhj with
gj, hj ∈ G, then the computation of the right hand side term in formula (50)
is reduced to the calculation of the distribution
ν(σ1F ∩ siΓσ2F ), σ1, σ2 ∈ G,
where si are the right coset representatives for the group Γσ2 in Γ.
Proof of Proposition 13. Formula (50) is also a consequence of the consider-
ations in Appendix 2 in ([20]). To prove formula (50), we note the equality
〈(flχΓσ1 ,flχΓσ2〉L2(X ,ν)Γ = ∑
γ1,γ2∈Γ
ν(F ∩ γ1σ1F ∩ γ2σ2F ), σ1, σ2 ∈ G.
Since F is a fundamental domain, and ν is a G-invariant measure, this sum is
further equal to ∑
γ∈Γ
ν(σ1F ∩ γσ2F ).
From here we deduce formula (51). If σ1 is the identity, the formula computes
the measure of σ2F , which is 1 by hypothesis. The rest of the statement is
obvious. 
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